
Laminar boundary Layer problem examples:

1) A thin flat plate 55cm by 110 cm is immersed in a 6m/s stream of oil with density

870kg/m3 and viscosity 0.104 kg/ms. If the flow is parallel to the long side of the plate,

what is Reynolds number at the end of the plate? Is the boundary layer at the end of

the plate laminar or turbulent? Why?

Ans: 5.52 × 10ସ, laminar

Reynolds number is based on distance along the plate: ܴ௫ =
ఘ௫

ఓ

At the end of the plate L is 110 cm = 1.1 m

ܴ =
ܮܷߩ

ߤ
=

870 × 6 × 1.1

0.104
= 5.52 × 10ସ

An accepted value for transition for boundary layers is ܴ௫,௧௦ = 5 × 10ହ

As 5.52 × 10ସ < 5 × 10ହ the flow can be assumed to be laminar.

1-1) Compute the total friction drag on one side of the plate if the stream is parallel to a) the long

side and b) the short side.

Ans: a) 53.6 N and b) 75.7 N

a) L=1.1m, b= 0.55m

From the above result, we know the boundary layer is laminar.

Calculate CD using correlation for laminar boundary layer (Blasius solution):

ܥ =
1.328

ܴ
.ହ =

1.328

(5.52 × 10ସ).ହ
= 0.00565

Use CD to find drag on one side of plate:

ܥ =
/ܦ ܮܾ
భ
మ
ఘమ

110 cm



ܦ = 0.00565 × (0.5 × 870 × 6ଶ) × 0.55 × 1.1 = 53.6ܰ

b) L=0.55m, b= 1.1m

Calculate RL:

ܴ =
ܮܷߩ

ߤ
=

870 × 6 × 0.55

0.104
= 2.76 × 10ସ

As RL is less than 5 × 10ହ we can assume the boundary layer is laminar

Calculate CD using correlation for laminar boundary layer (Blasius solution):

ܥ =
1.328

ܴ
.ହ =

1.328

(2.76 × 10ସ).ହ
= 0.008

Use CD to find drag on one side of plate:

ܥ =
/ܦ ܮܾ
భ
మ
ఘమ

ܦ��; = 0.008 × (0.5 × 870 × 6ଶ) × 0.55 × 1.1 = 75.7ܰ

1*)

 In part 1-1)-a of the above problem consider that the value of the drag force have changed

to 40N. Under this new flow condition find how much have changed the value of the

velocity field above the plate.

Answer: ܷ = 4.94�݉ ݏ/

 If the value of the velocity field remains equal to ܷ = 6݉ ,ݏ/ how much the length of the

plate has to be reduced in order that the drag force is 40N.

Answer: =ܮ 0.614�݉ = 61.4�ܿ݉

 Finally, if you are doing an experiment and want to have the original plate (L=1.1m, b=

0.55m) immersed in a 6m/s stream of oil and supporting the drag force of 40ܰ . How much

you have to change the density of the oil, ,ߩ keeping the same value of the oil viscosity ߤ)

=0.104 kg/ms) in order to reproduce the given value of the drag force.

Answer: =ߩ 485.488


 య , ܴ = 3.082 × 10ସ (laminar flow)



2) Consider laminar boundary layer flow past the thin, square plate arrangements below.

Compared to the friction drag of a single plate, how much larger is the drag of 4 plates

together as in configurations a) and b)?

Ans: 2.83F1, 2F1

length of side L=b=d, Free stream velocity, U

ܴ =
ܷ݀ߩ

ߤ

For laminar flow (Blasius solution), drag is found from:

ܥ =
/ܦ ܮܾ
భ
మ
ఘమ

=
1.328

ܴ
.ହ ݓ����� ܣ��ℎݐ݅ = =ܮܾ ݀ଶ��ܽ݊݀ܦ� =

ଵ

ଶ
ܥ�ܣଶܷߩ ݊) ݀ݏ݅݁� )݁

Let the drag force from both sides of the single plate be D1:

ଵܦ = 2൫భ
మ
ଶ൯ܷ݀ߩ ଶቌ

ଵ.ଷଶ଼

ට
ഐೆ

ഋ

ቍ

a) length of side L=b=2d, Free stream velocity, U

1

a)

b)

1



ܴ =
ܷ݀ߩ2

ߤ

For laminar flow, drag is found from:

ܥ =
/ܦ ܮܾ
భ
మ
ఘమ

=
1.328

ܴ ݁
.ହ

So the drag force from both sides of this plate configuration is:

ܦ = 2ቀ
ଵ

ଶ
ଶቁ4݀ଶܷߩ

⎝

⎛
1.328

ට
ߩ2ܷ ݀
ߤ ⎠

⎞ =
4

√2
ଵܦ = ଵܦ2.83

b) length of side L=4d and b=d, Free stream velocity, U

ܴ =
ܷ݀ߩ4

ߤ

For laminar flow, drag is found from:

ܥ =
/ܦ ܮܾ
భ
మ
ఘమ

=
1.328

ܴ ݁
.ହ

So the drag force from both sides of this plate configuration is:

ܦ = 2ቀ
ଵ

ଶ
ଶቁ4݀ଶܷߩ

⎝

⎛
1.328

ට
ܷ݀ߩ4
ߤ ⎠

⎞ =
4

2
ଵܦ = ଵܦ2

2*) c) In the above problem the dimension of the original plate have changed to L= d and b=d/2,
how much smaller is the drag is compared with the one corresponding to the original plate.
Answer: ܦ = ଵ/2ܦ

3) For flow of air moving at 4 m/s past a thin flat plate, by considering that the flow
is laminar (Blasius solution) estimate the distances x from the leading edge at
which the boundary layer thickness will be 1 mm. For the obtained value of the
distance x find the corresponding Reynolds number, surface shear, momentum
thickness and drag force by unit width.

For air, take 1.2ߩ kg/m3 and ×1.8ߤ 10ିହ kg/(ms).

Problem parameters:

=ߩ 1.2
݇݃

݉ ଷ
;ܷ = 4

݉

ݏ
=ߜ�; 1݉݉ = 10ିଷ݉ =ߤ�; 1.8 × 10ିହ

݇݃

݉ ݏ�

Blasius solution:

Boundary layer thickness



ߜ

ݔ
=

5

ඥܴ௫
;��ܴ ௫ =

ݔܷߩ

ߤ

From above expressions follows that

=ݔ
ܷ�ߩଶߜ

ߤ25
=

10ି × 1.2 × 4

25 × 1.8 × 10ିହ
= 0.1066 × 10ିଵ݉

Then

ܴ௫ =
ݔܷߩ

ߤ
=

1.2 × 4 × 0.1066 × 10ିଵ

1.8 × 10ିହ
= 0.284 × 10ସ;��ܴ ௫

ଵ/ଶ = 0.533 × 10ଶ

Surface shear stress

߬ = ଶܷߩ
0.332

ඥܴ௫
= 11.96 × 10ିଶ

݇݃

݉ ଶݏ�

Momentum thickness =ݔ�ݐܽ 0.1066 × 10ିଵ݉

=ߠ
ݔ�0.664

ඥܴ௫
= 0.133 × 10ିଷ݉ ;

From momentum valance along the plate the drag per unit width until =ݔ 0.1066 × 10ିଵ݉

ܦ

ܾ
= =ߠଶܷߩ 2.56 × 10ିଷ

݇݃

ଶݏ

3*) If in the above problem instead of obtaining the value of atݔ which the boundary layer thickness
is 1=ߜ mm, you want to know the value of boundary layer thickness at a distance distances x=0.02m
from the leading edge of the plate. Find at that position from the leading edge of the plate find the
corresponding value of the surface shear, displacement and momentum thicknesses.

Answer: =ߜ 0.1369 × 10ିଶ݉ , ߬ = 8.73


 ௦మ
ߠ, = 0.182 × 10ିଷ݉

4) Air at 20C and 1 at flows at 10 m/s past the flat plate in the figure. A pitot
stagnation tube, placed 2 mm from the wall, develops a manometer head h 4
mm of Meriam red oil, SG 0.827. Use this information to estimate the
downstream position x of the pitot tube and boundary layer thickens at that
position. For the obtained value of the distance x find the corresponding Reynolds
number, surface shear, momentum thickness and drag force by unit width.

To find your solution, assume a von Karman laminar velocity profile.

For air, take 1.2ߩ kg/m3 and 1.8ߤ 10ିହ kg/(ms).
Density of oil, ߩ = 0.827× 998= 825.346 kg/m3



According to Bernoulli equation, the boundary layer velocity measured with the pitot

tube at 2 mm from the wall is given by
ଵ

ଶ
ݕǡݔଶሺݑ ൌ ʹ݉ ݉ ሻൌ

ఘ�

ఘ
, where it has been

considered that the flow over the plate is air.

Problem parameters:

ൌߩ ͳǤʹ
݇݃

݉ ଷ
Ǣܷ ൌ ͳͲ

݉

ݏ
Ǣݕ�ൌ ʹ݉ ݉ ൌ �ʹͳͲିଷ݉ Ǣ݄ ൌ Ͷ݉ ݉ ൌ Ͷ�ͳͲିଷ݉Ǣߤ�ൌ ͳǤͅ�ͳͲିହ

݇݃

݉ ݏ�

ߩ��������� = 0.827× 998= 825.346


 య

Pitot tube

ݕǡݔ)ݑ ൌ ʹ݉ ݉ ) ൌ ൬
݃�݄ߩʹ�

ߩ
൰

ଵ
ଶ

= 7.34
݉

ݏ
< 10

ൌݕǡݔ)ݑ ʹ݉ ݉ )

ܷ
= 0.734

von Karman velocity profile


௨


ൌ െߟʹ ଶǡߟ ݓ ݐ݄݅ ൌߟ��

௬

ఋ


െߟʹ ଶߟ = 0.734; ൌߟ
ʹ݉ ݉

ߜ


Quadratic equation

ൌߟ ቄ
1.516
0.484

ൌߟ ͳǤͷͳǢݕ� ����ߜ���������

ߜ ൌ
ʹ݉ ݉

ߟ
=
ʹ݉ ݉

0.484
= 4.14 × 10−3݉

von Karman boundary layer thickness

ߜ

ݔ
=

5.48

ඥܴ௫
; where ݔܴ =

ݔܷߩ

ߤ

Then

ൌݔ
ܷ�ߩଶߜ

Ͳ͵ߤ
ൌ ͲǤ͵ ͺ Ͳ�݉ Ǣ���ܴ ௫ =

ݔܷߩ

ߤ
= 25 × 10ସǢ�ܴ ௫

ଵȀଶ = 5 × 10ଶ



Surface shear

߬ =
1

2
ଶܷߩ

0.73

ܴ௫
ଵȀଶ

= 8.69 × 10ିଶ�ܲ ܽ�

“Alternative”

ݑ

ܷ
ൌ െߟʹ ଶǡߟ ݓ ݐ݄݅ ൌߟ��

ݕ

ߜ

ݑ߲

ݕ߲
=
ܷ

ߜ
(ʹെ ;(ߟʹ

߬ ൌ ߤ
ݑ߲

ݕ߲
ฬ
௬ୀ�

=
ߤ

ߜ

ݑ߲

ߟ߲
ฬ
ఎୀ

ൌ ߤʹ
ܷ

ߜ
= 8.69 × 10ିଶ�ܲ ܽ

Momentum thickness

ߠ ൌ
0.730 ݔ

ඥܴ௫
= 0.555 × 10ିଷ݉

Drag force per unit width

ܦ

ܾ
ൌ ൌߠଶܷߩ ͲǤ�ൈ ͳͲିଵܰȀ݉

4*) In the above problem, using the results obtained above, find at what distance from the wall the

pitot stagnation tube has to be placed in order that velocity measured inside the boundary layer is

ݑ ൌ ͷ�݉ Ȁݏ.

Answer: ݕ ൌ ͳǤʹ ͳ͵ ൈ ͳͲିଷ݉

5) Using the four order polynomial velocity profile suggested by K. Pohlhausen in
1921, find the corresponding integrated boundary layer equations.




௨


ൌ െߟʹ ଷߟʹ  ସǡߟ ݓ ݐ݄݅ ൌߟ��

௬

ఋ


Note: This problem is for general knowledge and not to be considered in this

module.

You can verify that the above velocity profile satisfies the following boundary

conditions, and consequently is an improvement to von Karman solution:

At ൌݕ ǡ݅ߜ Ǥ݁ Ǥߟ��ൌ ͳ



(ߜǡݔ)ݑ = 1,
(ߜǡݔ)ݑ߲

ݕ߲
ൌ Ͳǡ ܽ݊ ݀��

߲ଶݑ(ݔǡߜ)

ଶݕ߲
= 0

At ൌݕ Ͳ݅ Ǥ݁ Ǥߟ��ൌ Ͳ

(ǡͲݔ)ݑ ൌ Ͳǡ����ܽ݊݀��
߲ଶݑ(ݔǡͲ)

ଶݕ߲
= 0

In this case it is easy to verify that the Momentum thickness is given by (not

necessary to proof):

ߠ ൌ න
ݑ

ܷ

ఋሺ௫ሻ



ቀͳെ
ݑ

ܷ
ቁ݀ݕ ൌ

37

315
ሻݔሺߜ

Knowing the relation between the momentum thickness ߠ and boundary layer thickness ǡߜ

and using the integral relation for a flat plate boundary layer flow found the corresponding

expressions for ǡ߬(ݔ)ߜ (ݔ)ǡܦሺݔሻand .(ݔ)ܥ

To find an expression for ,(ݔ)ߜ use the following definitions of the surface shear ߬(ݔ):

߬(ݔ) ൌ ߤ
ݑ߲

ݕ߲
ฬ
௬ୀ

ൌ ߤ
1

ߜ

ݑ߲

ߟ߲
ฬ
ൌͲߟ

and according to the Boundary Layer depth average integrated momentum equation:

߬ ൌ ଶܷߩ
ߠ݀

ݔ݀

From the above two equations and the obtained value of ,ߠ you can find a first order ordinary

differential equation, which integral give you the expression of .(ݔ)ߜ

Knowing and the expression for (ݔ)ߜ you can find the values of

ܦ

ܾ
ൌ ܥ����ǡߠଶܷߩ =

ሺܦȀܾ ሻݔ

ሺܷߩଶ/2)
= 2

ߠ

ݔ
��ܽ݊݀�߬ሺݔሻ�ܽ݊ݑ݂�ݏ ݊ݐܿ݅ ܴ��݀݊ܽ�ݔ� ௫ =

ݔܷߩ

ߤ

K. Pohlhausen velocity profile

ݑ

ܷ
ൌ െߟʹ ଷߟʹ  ସǡߟ ݓ ݐ݄݅ ൌߟ��

ݕ

ߜ

ݑ߲

ݕ߲
=
ܷ

ߜ
(ʹെ ߟଶ  Ͷߟଷ)

߲ଶݑ

ଶݕ߲
=
ܷ

ଶߜ
(െͳʹ ߟ ͳʹ (ଶߟ

You can verify that the above profile satisfies the boundary conditions:



At ൌݕ ǡ݅ߜ Ǥ݁ Ǥߟ��ൌ ͳ

(ߜǡݔ)ݑ = 1,
(ߜǡݔ)ݑ߲

ݕ߲
ൌ Ͳǡ ܽ݊ ݀��

߲ଶݑ(ݔǡߜ)

ଶݕ߲
= 0

At ൌݕ Ͳ݅ Ǥ݁ Ǥߟ��ൌ Ͳ

(ǡͲݔ)ݑ ൌ Ͳǡ����ܽ݊݀��
߲ଶݑ(ݔǡͲ)

ଶݕ߲
= 0

Momentum thickness

ߠ ൌ න
ݑ

ܷ

ఋሺ௫ሻ



ቀͳെ
ݑ

ܷ
ቁ݀ݕ ൌ

37

315
ሻݔሺߜ

Surface shear

ݑ߲

ݕ߲
=
ܷ

ߜ
(ʹെ ߟଶ  Ͷߟଷ)

߬ ൌ ߤ
ݑ߲

ݕ߲
ฬ
௬ୀ

=
ߤ

ߜ

ݑ߲

ߟ߲
ฬ
ఎୀ

ൌ ߤʹ
ܷ

ߜ

and

߬ ൌ ଶܷߩ
ߠ݀

ݔ݀
ൌ ଶܷߩ

37

315

ߜ݀

ݔ݀

Therefore

ߤʹ
ܷ

ߜ
ൌ ଶܷߩ

37

315

ߜ݀

ݔ݀
;

1

2

ଶߜ݀

ݔ݀
=
͵ Ͳߤ

͵ܷߩ
Ǣߜ�ଶ =

ͳʹ Ͳݔߤ

͵ܷߩ

Boundary layer thickness

ൌߜ �൬
Ͷ͵ǤͲͷݔߤ

ܷߩ
൰
ଵȀଶ

= 5.83
ݔ

ܴ௫
ଵȀଶ

Drag force per unit width

ܦ

ܾ
ൌ ൌߠଶܷߩ ଶܷߩ

37

315
ൌߜ ͲǤͅ Ͷ

ݔଶܷߩ

ܴ௫
ଵȀଶ

ܥ = 2
ߠ

ݔ
=

1.372

ܴ௫
ଵȀଶ

and

߬ ൌ ଶܷߩ
ߠ݀

ݔ݀
ൌ ଶܷߩ

37

315

ߜ݀

ݔ݀
Ǣߜ���ൌ �൬

Ͷ͵ǤͲͷݔߤ

ଶܷߩ
൰
ଵȀଶ



߬ ൌ ͲǤͅ ͷߩଵȀଶܷߤଵȀଶ
ଵȀଶݔ݀

ݔ݀
= 0.342

ଵȀଶߤଵȀଶܷߩ

ଵȀଶݔ
= 0.342

ଶܷߩ

ܴ௫
ଵȀଶ

Turbulent boundary Layer problem examples:

6) A thin flat plate 55 by 110 cm is immersed in a 6-m/s stream of water at 20C.
Compute the total friction drag if the stream is parallel to (a) the long side, L=110
cm and b=55 cm, and (b) the short side, L=55 cm and b=110 cm.

Consider that the flow is turbulent and use Prandtl turbulent boundary layer
approximation.

For water at 20C, take 998ߩ kg/m3 and 0.001ߤ kg/ms.

Problem parameters:

ߩ ൌ ͻͻ ͺ
݇݃

݉ ଷ
Ǣߤ��ൌ ͳͲିଷ

݇݃

݉ ݏ�
Ǣ�ܷ ൌ 

݉

ݏ
Ǣܮൌ ͳǤͳͲ݉ Ǣܾ ൌ ͲǤͷͷ݉

(a) The long side, L=1.10 m, and ܾൌ ͲǤͷͷ݉

ܴ =
ܮܷߩ

ߤ
= 6.59 × 10

Prandtl turbulent boundary layer approximation:

ܴ

ଵ
 = 9.42

Drag

ܥ =
0.031

(ܴ)ଵȀ
= 3.29 × 10ିଷ

Area=b L

∗ܦ =
1

2
)ଶܷߩ ܥ(ܮܾ� �ൌ ͷ͵Ǥͷͷ�݇݃

݉

ଶݏ
(ܰ); (1 side);

ܦ ൌ ∗ܦʹ� ൌ ͳǤͷͳ�ܰ Ǣ��ሺʹ ������ሻ

(b) The long side, L=0.55 m, and ܾൌ ͳǤͳͲ�݉

ܴ=
ܮܷߩ

ߤ
= 3.29 × 10Ǣ��ܴ 

ଵ
 = 8.53

ܥ =
0.031

(ܴ)ଵȀ
= 3.63 × 10ିଷ



∗ܦ =
1

2
ଶܷߩ ܥ�݈ܾ� ൌ ͻ͵ǤͶͷ�݇݃

݉

ଶݏ
(ܰ); (1 side);

ܦ ൌ ∗ܦʹ� ൌ ͅ ǤͻͲ�ܰ Ǣ��ሺʹ ������ሻ

6*) In problem 6-a, find the thickness of the boundary layer ߜ at the tailing edge of the plate,

the Reynolds number in terms of ,ߜ i.e. ܴఋ, the sink friction coefficient ,ܥ and the laminar sublayer

thickness Ԣatߜ the tailing edge of the plate. If the surface roughness =ᇱߝ 5 × 10ି݉ , how do you

classify the surface of the plate as hydraulic smooth or rough?

Answer: ߜ ൌ ͲǤͲͳͅ ͻ݉Ǣ�ܴ ఋ = 0.1132 × 10ିǢܥ� ൌ ͲǤʹ ͺ ͳǢߜ�ᇱ= 1.78 × 10ି݉ǤThefore the

surface is hydraulic rough since ᇱߝ Ԣߜ

7) A ship is 125 m long and has a wetted area of 3500 m2. Its propellers can deliver a
maximum power of 1.1 MW to seawater at 20C. If all drag is due to friction,
estimate the maximum ship speed.

Power=Force × velocity= D ×U=1.1 × 10�ܹ ݏݐݐܽ

For water at 20C, take 1025ߩ kg/m3 and 0.00107ߤ kg/ms.

Consider that the flow is turbulent and use Blasius turbulent boundary layer
approximation.

Problem parameters:

ߩ ൌ ͳͲʹ ͷ
݇݃

݉ ଷ
Ǣߤ��ൌ ͳǤͲ�ൈ ͳͲିଷ

݇݃

݉ ݏ�
Ǣܮ�ൌ ͳʹ ͷ�݉ Ǣܣ ൌ ͷ͵ͲͲ�݉ ଶ

ൌܮ ͳʹ ͷ�݉ and ܣ ൌ ͷ͵ͲͲ�݉ ଶ

Ship speed U ??? ܴ =
ఘ

ఓ
= 1.197 × 10଼�ܷ

Blasius turbulent boundary layer approximation:

ܥ =
0.072

(ܴ)ଵȀହ
= 1.745 10ିଷ�ܷ ିଵȀହ

ܦ ൌ
1

2
ଶሺܾܷߩ ܥ�ሻܮ� =

1

2
ܥ�ܣଶܷߩ ൌ ͳ͵͵ ͲǤͲͻ�ܷ ଶ�ܷ ିଵȀହ

Power = Force × velocity = ܦ × �ܷ �=1.1 × 10�ܹ ݃݇)ݏݐݐܽ �݉ ଶିݏଷ)

ሺ͵ ͳ͵ ͲǤͲͻ�ܷ ଶ�ܷ ିଵȀହ) ܷ ൌ ͳǤͳ�× 106; ܷଵସȀହ = 351.42



ܷ ൌ ͺ Ǥͳͳ�
݉

ݏ

7*) If in the above problem, the force (drag) required to move the ship is ܦ ൌ ͳͲͲൈ ͳͲଷ
�

௦మ
=

100 × 10ଷܰ , estimate how much is the ship speed and the power deliberate by the propellers.

Answer: ܷ ൌ Ǥͅͷ


௦
Ǣܲ ൌ ͲǤͅ ͷൈ ͳͲ

� మ

௦య
ൌ ͲǤͅ ͷܹܯ�

8) An alternate way of obtaining Prandtl (1927) turbulent flat-plate flow integrated
equations is by using the following wall shear-stress formula.

߬ ൌ ͲǤͲʹ ͷʹܷ�ߩ� ଶ൬
ߤ

ߜܷߩ
൰
ଵȀସ

Use this information to find the corresponding expressions for the boundary layer

thickens, surface shear, momentum thickness and drag force in terms of the Reynolds

number.

Note: This problem is for general knowledge and not to be considered in this

module.

In your solution as in the original Prandtl analysis use the 1/7th power law turbulent

velocity profile approximated, i.e.

ݑ

ܷ
ൌ ቀ

ݕ

ߜ
ቁ
ଵȀ

Therefore

ߠ ൌ න
ݑ

ܷ

ఋሺ௫ሻ



ቀͳെ
ݑ

ܷ
ቁ݀ݕൌ

7

72
ߜ

Given surface shear

߬ ൌ ͲǤͲʹ ͷʹܷ�ߩ� ଶ൬
ߤ

ߜܷߩ
൰
ଵȀସ

Also from Momentum integral

߬ ൌ ଶܷߩ
ߠ݀

ݔ݀

Therefore

ͲǤͲʹ ͷʹܷ�ߩ� ଶ൬
ߤ

ߜܷߩ
൰
ଵȀସ

ൌ ଶܷߩ
ߠ݀

ݔ݀
ൌ ଶܷߩ

7

72

ߜ݀

ݔ݀

or



ͲǤʹ ͳ͵൬
ߤ

ߜܷߩ
൰
ଵȀସ

=
ߜ݀

ݔ݀
Ǣ��������ͲǤʹ ͳ͵൬

ߤ

ܷߩ
൰
ଵȀସ

ൌ ଵȀସߜ
ߜ݀
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Attending a tutorial meeting


